THE DIVISOR CLASS GROUPS AND THE GRADED 
CANONICAL MODULES OF MULTI-SECTION RINGS 



KAZUHIKO KURANO 



Abstract. We shall describe the divisor class group and the graded canonical 
module of the multi-section ring T{X; Di, . . . , Dg) defined in (jf ■![) below for a 
normal projective variety X and Weil divisors Di, . . . , on X under a mild 
condition. In the proof, we use the theory of Krull domain and the equivariant 
twisted inverse functor due to Hashimoto [3]. 



1. Introduction 

We shall describe the divisor class groups and the graded canonical modules of 
multi-section rings associated with a normal projective variety. 

Suppose that Z, Nq and N are the set of integers, non-negative integers and 
positive integers, respectively. 

Let X be a normal projective variety over a field k with the function field k{X). 
We always assume dimX > 0. We denote by C^{X) the set of closed subvarieties 
of X of codimension 1. For V G C^{X) and a G k{X)^ , we define as 

ordy(a) = ioxA^xy/aOx,v)-ioxAOx,v/f30xy) 
divx(a) = ordy(a) ■ G Div(X) = Z ■ V, 

where a and (3 are elements in Ox,v such that a = a/ (3, and ioxvi ) denotes the 
length as an Cxy-module. 

We call an element in Div(X) a Weil divisor on X. For a Weil divisor -D = X] ^v^; 
we say that D is effective, and write D > 0, if ny > for any V G C^{X). For a 
Weil divisor D on X, we put 

i/°(X, Ox{D)) = {ae k{XY I divx(a) + > 0} U {0}. 

Here we remark that H^{X, Ox{D)) is a fc-vector subspace of k{X). 
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Let Di, . . . , Dghe Weil divisors on X. We define the mult i- sect ion rings T(X; Di, . . . ,D 
and R{X; Di, . . . , Dg) associated with Di, . . . , Dg as follows: 

(1.1) T{X;D,,...,Dg) 

H%X, Ox{Y.n,D,))tl' ■ ■ - C^ C k{X)[t,, . . . ,g 

(ni,...,ns)GNo° i 



R{X-Di,...,Dg) 

= H\x, ox(j]n,A))tr ■ ■ - c c k{x)[tf, ...,ti 

(ni,...,ns)eZ« i 

We want to describe the divisor class groups and the graded canonical modules of 
the above rings. 

For a Weil divisor F on X, we set 

Mp= H\X, OxiJ2 ^^^^ + ■ ■ ■ ^ HX)[ti\ ■■■^ti 

(ni,...,ni,)GZ= i 

that is, is a Z'^-graded reflexive -R(X; Di, . . . , Z}s)-module with 

[M^](ni,...,n.) = //°(X, OxiYl ^^^^ + ■ ■ ■ 
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We denote by Mp the isomorphism class of the reflexive module Mp in C\{R{X; Di, . . . , Dg)). 

For a normal variety X, we denote by C1(X) the class group of X, and for a Weil 
divisor F on X, we denote by F the residue class represented by the Weil divisor F 
in a(X). _ 

In the case where C1(X) is freely generated by Di, . . . , Dg, the ring R{X; Di, . . . , Dg) 
is usually called the Cox ring of X and denoted by Cox(X). 

Remark 1.1. Assume that D is an ample divisor on X. In this case, T{X]D) 
coincides with R{X] D), and it is a Noetherian normal domain by a famous result of 
Zariski (see Lemma 2.8 in [5]). It is well-known that C1(T(X;D)) is isomorphic to 
C1(X)/ZD. Mori [7] constructed a lot of examples of non-Cohen Macaulay factorial 
domains using this isomorphism. 

It is well-known that the canonical module of T{X; D) is isomorphic to M^xi and 

the canonical sheaf ujx coincides with M^^ ■ Watanabe proved a more general result 
in Theorem (2.8) in [TT] . 

We want to establish the same type of the above results for multi-section rings. 
For -R(X; Di, . . . , Dg), we had already proven the following: 

Theorem 1.2 (Elizondo-Kurano- Watanabe [1], Hashimoto-Kurano [4J). Let X be 

a normal projective variety over a field such that dimX > 0. Assume that Di, . . . , 
Dg are Weil divisors on X such that ZDi -|- ■ ■ • -|- ZDg contains an ample Cartier 
divisor. Then, we have the following: 

(1) R{X; Di, . . . , Dg) is a Krull domain. 

(2) The set {Py \ V G C^{X)} coincides with the set of homogeneous prime 
ideals of R{X; Di, . . . , Dg) of height 1, where Py = M_y. 
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(3) We have an exact sequence 

^ ZA — > C1(X) ^ C\{R{X] Di,..., Ds)) — > 

i 

such that p{F) = M}.^. 

(4) Assume that R{X; Di, . . . , Dg) is Noetherian. Then ojjh^x;Di,...,Ds) ^-^ isomor- 
phic to OS 'L^ -graded module. Therefore, 0Jr{x;Di,...,Ds) is R{X; Di, . . . , Dg)- 
free if and only if Kx € T^i'^Di in C1(X). 

Suppose that C1(X) is finitely generated free Z-module generated by . . . , Dg. 
By the above theorem, the Cox ring Cox(X) is factorial and 

c^Cox(x) = = Cox{X){Kx), 

where we regard Cox(X) Cl(X)-graded ring. 
The main result of this paper is the following: 

Theorem 1.3. Let X be a normal projective variety over a field k such that d = 
dimX > 0. Assume that Di, . . . , Dg are Weil divisors on X such that NDi + • — h 
NDg contains an ample Cartier divisor. Put 

U = {3\ tr.deg,T(X; Di, . . . , . . . ,Dg) = d + s - I}. 

Then, we have the following: 

(1) T{X; Di, . . . , Dg) is a Krull domain. 

(2) The set 

{Qv\VeC\X)}i}{Q^\jeU} 

coincides with the set of homogeneous prime ideals of T{X] Di, . . . , Dg) of 
height 1, where 

Qv^Pvn T{X- Di,..., Dg) 

and 

Qj^ © TiX;Di,...,Dg)^nu-,ns)- 

ni,...,nseNo 
nj>0 

(3) We have an exact sequence 

— ZD] C\{X) C\{T{X; Di, . . . , Dg)) — > 

such that q(F) = Mp k{X)[ti, . . . ,tg, {tji | j ^ U}]. 

(4) Assume that T{X; Di, . . . , Dg) is Noetherian. Then ojt{X;Di,...,Ds) is isomor- 
phic to 

Mk^ nti--- tgk{x)[ti, ...,tg, {tf \j^u}] 

as a Z^ -graded module. Further, we have 

q{Kx + ^ A) = ^nx;Du-,D,)- 

i 
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Therefore, ojt{X;D^,...,Ds) is T(X; Di, . . . , Ds)-free if and only if 

m a(x). 

Here, tr.deg^T denotes the transcendence degree of the fractional field of T over 
a field k. 

Remark 1.4. With notation as in the previous theorem, ht(Qj) = 1 if and only if 
j G f/. This will be proven in Lemma [3731 Since NDi + • ■ ■ + NDs contains an ample 
Cartier divisor, Qj ^ (0) for any j. Therefore, ht(Qj) > 2 if and only if j ^ U . 

2. Examples 

Example 2.1. Let X be a normal projective variety with dimX > 0. Assume that 
all of DiS are ample Cartier divisors on X. Then, T(X; Z)i, . . . , Dg) is Noetherian 
by a famous result of Zariski (see Lemma 2.8 in [5J). 

Assume that s = 1. By definition, f/ = since dimX > 0. By Theorem 11.31 
(3), C\{T{X]Di)) is isomorphic to C\{X)/ZlTi. By Theorem O (4) , wt(X;Di) is 
T(X; Di)-{iee module if and only if 

in C1(X) (see Remark [H]) . 

Next, assume that s > 2. In this case, U = {1,2, ...,s}. By Theorem 11.31 (3). 
C1(X) is isomorphic to C1(T(X; Di, . . . , Dg)). By Theorem 11.31 (4), ujt{X;Di,...,Ds) is 
T{X] Di, . . . , Ds)-fTee module if and only if 

K^=-Di 

in C1(X). When this is the case, —Kx is ample, that is, X is a Fano variety. 

Example 2.2. Set X = P*" x P". Let pi (resp. P2) be the first (resp. second) 
projection. 

Let Hi be a hyperplane of P™, and H2 a hyperplane of P". Put Ai = p~^{Hi) for 
i = 1,2. In this case, a(X) = ZA7 + ZA^~ Z^, and Kx = -(m + l)Ai - (n + 1)^2. 
We have 

Cox(X) = R{X; Ai, A2) = k[xo, Xi, . . . , Xm, Vo, Vi, ■ ■ ■ , Vn]- 

Cox(X) is a Z^-graded ring such that Xj's (resp. y/s) are of degree (1,0) (resp. 
(0,1)). 

Let a, 6, c, d be positive integers such that ad — he ^ Q. Put Di = aAi + bA2 
and D2 = cA\ + dA2. Then, both D\ and D2 are ample divisors. Consider the 
multi-section rings: 

R{X;Di,D2) = (Bp,qezCox{X)p(^a,b)+q{c,d) 

T{X;D,,D2) = ©p,,>oCox(X)p(, 

,b)+q{c,d) 

Here, both R{X; Di, D2) and T(X; Di, D2) are Cohen-Macaulay rings. 
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By Theorem 11.21 (4) , we know 



R{X; Di, D2) is a Gorenstein ring Kx G ZDi + ZD2 in C1(X) 

(m + l,n+ 1) G Z(a, 6) + Z(c, c/). 

In this case, we have U = {1,2} since all of a, b, c and d are positive. By 
Theorem 11.31 (4), we have 

T{X; Di, D2) is a Gorenstein ring ^ Kx + Di + D2 = in C1(X) 

«^=^ m + 1 = a + c and n + 1 = 6 + (i. 

Example 2.3. Let a, 6, c be pairwise coprime positive integers. Let p be the kernel 
of the fc-algebra map S = k[x, y, z] — t- k[T] given by x h-> T", y i— )■ T^, z 1— )■ T'^. 

Let TT : X — > P = Proj(/i;[x, 2;]) be the blow-up at V+{p), where a = deg(x), 
b = deg{y), c = deg(2;). Put E = 7r"^(V^+(p)). Let A be a Weil divisor on X 
satisfying 7r*Cp(l) = OxiA). In this case, we have C1(X) = ZE + ZA ^ Z^, and 
Kx = E -{a + b + c)A. 

Then, we have 

Cox{X)=R{X;~E,A) = R'^{p) := S[t-\pt,p^^h\p^^h\ . . .] C S[t^% 
T{X--E,A) = RM-=S[pt,p^^h\p^^h\...]cS[t]. 

By Theorem 11.21 (4) , we have 

UJR'M = Mk^ = R'siP)(K^) = R'siP)i-h -a-b- c). 
In this case, U = {1}. By Theorem 11.31 (4), 

ujR^p) = MK^nht2k{x)[ti,4^] 

= uJn'^^p)ntit2k{X)[ti,tf^] 

= R',{p){-l,-a-b-c)nUt2k{X)[ti,tf^] 

= Rs{p){-l,-a-b-c). 

Therefore, both of R's{p) and Rs{p) are quasi-Gorenstein rings, that were first proven 
by Simis-Trung (Corollary 3.4 in ^Q\). Cohen- Macaulayness of such rings are deeply 
studied by Goto-Nishida-Shimoda [2]. 

Divisor class groups of ordinary and symbolic Rees rings were studied by Shi- 
moda [9], Simis-Trung [TOj, etc. 

3. Proof of Theorem 11.31 
In this section, we shall prove Theorem II. 3[ 

Throughout of this section, we assume that X is a normal projective variety over 
a field k such that d = dimX > 0, and Di, . . . , Dg are Weil divisors on X such that 
NDi -|- ■ ■ ■ -|- NDg contains an ample Cartier divisor. 

We need the following lemmta, which are well-known results. 

Lemma 3.1. Let G be an integral domain containing a field k. Let P be a prime 
ideal of G. Assume that both tr.deg^G and tr.deg^G/P are finite. 
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Then, the height of P is less than or equal to 

tr.degfcG — tr.deg^G/P. 

Using the dimension formula (e.g. 119p in [6]), it will be very easily proven. We 
omit a proof. 

Lemma 3.2. Let r be a positive integer. Let Fi, . . . , Fr he Weil divisors on X. Let 
S he the set of all non-zero homogeneous elements of T{X; Fi, . . . , F^) . Then the 
following conditions are equivalent: 

(1) There exist non-negative integers qi, . . . , q^ such that Yll=i^i-^i ^■^ linearly 
equivalent to a sum of an ample Cartier divisor and an effective Weil divisor. 

(2) There exist positive integers qi, . . . , qr such that Yll=i li^i '^^ linearly equiv- 
alent to a sum of an ample Cartier divisor and an effective Weil divisor. 

(3) S-\TiX- Fi, . . . , Fr)) = k{X)[tf, tt'] . 

(4) Q{T{X; Fi, . . . , Fr)) = k{X)(ti, . . . , tr), where Q{ ) denotes the field of frac- 
tions. 

(5) tr.degfcT(X; Fi, . . . , F^) = dimX + r. 

It is well-known that, if T(X; Fi, . . . , Fr) is Noetherian, then the condition (5) is 
equivalent to that the Krull dimension of T(X; Fi, . . . , Fr) is dimX + r. 

Proof. (2) ^ (1), and (3) (4) ^ (5) are trivial. 
First we shall prove (1) ^ (3). Suppose 

r 

qiFi --D + F, 

where g^'s are non-negative integers, D is a very ample Cartier divisor and F is an 
effective divisor. We put 

(3.1) C = ^ ff°(X,Ox($^n,F, + mD))tr---CC+i 

mGZ (ni,...,n,.)eNo'' i 
C k{X)[ti,...,tr,tfl,]. 

We regard C as a Z''"+^-graded ring with 

C(^n,,...,nr,m) = H%X, ^^(J^ri.F, + mD))t^,^ ■ ■ -CCi- 

i 

Then, we have 

T{X]Fi,...,Fr)= C'(ni,...,n^,0), 

(ni,...,nr)eNo'' 

SO T(X; Fi, . . . , Fr) is a subring of C. Thus, S~'^C is a """^-graded ring such that 

S'^T{X; Fi, . . . ,Fr) = (5'""^C')(ni,...,n,,0)- 

(ni,...,nr)eNo'' 

Since ^21=1 li-^i — D is linearly equivalent to an effective divisor F, there exists a 
non-zero element a in 

H\X,Ox{J2q^F,-D)). 

i 
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For any ^ 6 G H^{X, Ox{D)), 

is contained in S. Therefore, S~^C contains {htr+i)~^- Hence, k{X) is contained in 
S-^C. Since k{X) = (5"^C)(o,...,o), k{X) is contained in S~^T{X; Fi, . . . , F,). 
By the assumption of (1), there exists a positive integer i such that 

(5'"^C)(£gi,...,£q,.,0) 7^ 

and 

Then, it is easy to see that ti G S^^C. Therefore, S~^C contains k{X)[tf^, . . . ,tf^]. 
Hence S-^T{X; Fi, . . . , E,) coincides with k{X)[tf, . . . ,tf]. 

Next, we shall prove (5) ^ (2). Let D be a very ample divisor. Consider the ring 

First, assume that 

i 

for some integers Ui, . . . , Ur, v such that f > 0. By the assumption (5), there exists 
positive integers u[, . . . , u'^ such that 

i 

Therefore we may assume that there exists positive integers Ui, . . . , Ur and v such 
that 

i 

Here, we obtain 

UiFi = vD + {Y^ UiFi - vD). 

i i 

Therefore ^ • UiFi is the sum of an ample divisor vD and the divisor UiFi — vD 
which is linearly equivalent to an effective divisor. 
Next, assume that for any integers Mi, . . . , Ur and v, 

(3.2) H\X, OxiY, "^^^ - ^^)) = 

i 

if w > 0. We put 

P= ^ R{X] Fi, . . . , Fr, D)(^nl,...,nr,m)■ 

{nl,...,nr,m)eZ'•+^ 
m>0 

By the assumption (5), P is a prime ideal of R{X; Fi, . . . , Fr, D) of height 1 by 
Lemma (Here, since D is an ample divisor, tr.deg^-R(X; Fi, . . . , F^, D) = 

dimX + r + 1. Remark that P is an ideal of R{X; Fi, . . . , F^, D) by f l3l2|) above. By 
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(5), tr.degfci?(X; Fi, . . . , F^, D)/P = dimX + r.) However Fi, . . . , F^, D) has 
no homogeneous prime ideal of height 1 that contains 



H\X, Ox{D))t r+l 

by Theorem II .21 (2). This is a contradiction. q.e.d. 

Put A = k{X)[tf^, . . .,tf^] and B = k{X)[ti, . . . Recall that Di, Ds are 
Weil divisors on a normal projective variety X such that NDi + ■ ■ ■ + ND^ contains 
an ample Cartier divisor. We denote T(X; Di, . . . , Dg) and R{X; Di, . . . , D^) simply 
by T and R, respectively. 

Since 

T = RnB, 

T is a KruU domain. We have proven Theorem 11.31 (1). 
By Theorem 11.21 (2), we have 

R = 

A = II np, 

PGNHpi(i?) 

where NHP^(i?) is the set of non- homogeneous prime ideals of R of height 1. 
It is easy to see 

Rp = TpnT for P e NHP^(i?). Therefore, we have 
A= fl TpnT. 

PgNHpi(_R) 

Since Tpnr is a discrete valuation ring, P fl T is a non-homogeneous prime ideal of 
T of height 1. 

For V G C^{X), put Qv = Py ^T. Then, Rpy = Tqy, since NDi contains an 
ample divisor. Therefore Qv is a homogeneous prime ideal of T of height 1. 
On the other hand, we have Qi = T (1 tiBfj^--^ and Tq- C -B(ti)- Remark that 




5 = An 



Then, we have 

T = R^B 

(3.3) = I fl RpAnAnB 

n f n ^^HT 

V&C^(X) ) \PeNHpi(iJ) 




Put 

We need the following lemma. 

Lemma 3.3. With notation as above, the following conditions are equivalent: 

(1) Tq^ = Bit,). 

(2) The height of Qj is 1. 

(3) The height of Qj is less than 2. 

(4) j & U , that is, tr.deg^jTj = d + s — 1. 

Proof. By Lemma I3.2[ we have Q{T) = Q{B). It is easy to see that -8(4^) is a 
discrete valuation ring. Since Qj is a non-zero prime ideal of a KruU domain T, the 
equivalence of (1), (2) and (3) are easy. 

Here, we shall prove (1) =^ (4). Remark that T/Qj = Tj. Then, we have 

Q(T,) = TgJQjTg^ = = k{X){t,, . . . . . .,ts). 

The implication (4) =^ (3) immediately follows from 

ht(g,) < tr.degfcT - tr.degfe(T,) = L 
This inequality follows from Lemma [3.11 and the fact Tj = T/Qj. q.e.d. 
By (13. 3p . Lemma [3.31 and Theorem 12.3 in [6J, we know that 

{Qv\V eC\X)}u{Q,\j eU} 
is the set of homogeneous prime ideals of T of height 1, and 

{PnT\P e NHP^(i?)} 
is the set of non-homogeneous prime ideals of T of height 1. Further we obtain 

\vec^{x) ) \PGNHpi{i?) / \i& 

The proof of Theorem 11.31 (2) is completed. 
Let 

Div(X) = Z ■ 
be the set of Weil divisors on X. Let 

HDiv(T) =1 Z • Spec(T/Qv') © ( ^ " Spec(T/g, 

be the set of homogeneous Weil divisors of Spec(T). 
Here, we define 

: Div(X) — > HDiv(T) 
by 0(1^) = Spec(T/(5v') for each V G C^{X). Then, it satisfies the following: 
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• For each a G we have 

0(divx(a)) = divT(a) G Z ■ Spec(T/Qv') C HDiv(T). 

V&C^{X) 

• If j G [/, then 

divT(t,) = Spec(r/g,) + 

• If j ^ then 

divT(t,) = <P{D,). 

They are proven essentially in the same way as in pp63 1-632 in [T]. Then, we have 
an exact sequence 

^ ^ ZD" ^ C1(X) ^ C1(T) ^ 



such that q{F) = (f){F) in C1(T). Here, remember that C1(T) coincides with HDiv(T) 
divided by homogeneous principal divisors (e.g.. Proposition 7.1 in Samuel ^). 

It is easy to see that the class of the Weil divisor q{F) corresponds to the isomor- 
phism class of the reflexive module 



\jeu J \jeu J 



= MFnk{x)[h,...,t,,{tj'\j^u}]. 

The proof of Theorem 11.31 (3) is completed. 
Remark 3.4. It is easy to see 

for any integers di, . . . , ds- Therefore, we have 

n • ■ ■ tfk{x) [ti, . . . , t„ {tf I J ^ u}] 
= tf ■■■tf (M^+E,*A n k{X)[t,, . . . ,t„ {tji I J ^ u}]) . 

Hence, 

nt^ • ■■tfk{x)[t^, . . . ,t„ {tTi I J ^ u}] 

is isomorphic to 

(3.4) M^+j^^,^^, n fc(X)[ti, . . . ,t„ {tji I J ^ U}] 

as a T-module. Remark that this is not an isomorphism as Z*-graded modules. The 
isomorphism class which the module ( 13. 4 p belongs to coincides with q{F + diDi). 

In the rest, we assume that T is Noetherian. We shall prove that ut is isomorphic 



to 



M^^ nti---t,fc(x)[ti,...,t„{tTi I J ^ u}] 



as a Z*-graded module. (Suppose that it is true. If we forget the grading, it is 
isomorphic to 

^i^x+E, A n A;(X)[ti, . . . ,t„ {t-i I J ^ f/}] 
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by Remark 13 ■4[ that is corresponding to q{Kx + C1(T). Therefore, we 

know that lot is T-free if and only if 

in C\{X).) 

Put X' = X \ Sing(X). We choose positive integers Oi, and sections 

fi,...,fte H\X, a,A) such that 

• J2i (^i^i is an ample Cartier divisor, 
. X' = UkD+ifk), and 

• all of the Di's are principal Cartier divisors on D^{fk) for k = 1, . . . ,t. 

Put W = {ne \ni> if ie U}. Put = AU' for i = 1, . . . , s. Consider 
the morphism 

Y = Spec^, I ■ ■ - C I X'. 

\n€W i J 

Further, we have the natural map 

e : r — y Spec(T). 

The group naturally acts on Spec(T) and Y, and trivially acts on X'. Both n 
and ^ are equivariant morphisms. 

Claim 3.5. There exist an equivariant open subscheme Z of both Y and Spec(T) 
such that 

• the codimension ofY\ZinYis bigger than or equal to 2, and 

• the codimension o/ Spec(T) \ Z in Spec(T) is bigger than or equal to 2. 

Proof. For u G U, there exist integers ciu, ■ ■ ■ , Csu such that 

. H%X,Ox{J:^C^uD,))y^0, 

• = "O-M, and 

• Ciu > if i ^ u. 

In fact, if u E U, there exist positive integers qi, . . . , qu-i, qu+i, ■ ■ ■ , qs such that 

^qiDi 

is a sum of an ample divisor D and a Weil divisor F which is linearly equivalent to 
an effective divisor by Lemma [3. 2[ Then, 

H\X, Ox{q{J2 - aM = H\X, Ox{q{D + F) - aM + 

for g ^ 0. 

For each m 6 f/, we set 

[cxu, ■ ■ ■ ,Csu) + (fli, • • ■,as). 

Here, remark that = and 6j„ > if i 7^ u. 
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We choose 

i 

for each u E U. 

Consider the closed set of Spec(T) defined by the ideal J generated by 

{fktr---t:^\k = i,...,t} 

and 

{9ufki'----t'r \k = l,...,t; ueU}. 
By Theorem 11.31 (2), we know that the height of J is bigger than or equal to 2 
since there is no prime ideal of T of height one which contains J. 
We choose dki G k{X)^ satisfying 

H%DMk),Ox{D,)) = dk,H\D+ifk),Ox) 

for each k and i. Then 

t 

(3.5) Y =[jn-\D+{fk)) and n-\D+{fk)) = Spec{Ck), 

k=l 

where 

Ck = H\D4fk), Ox)[dkiti, . . . , dksts, {{dkjt,)-' \ j ^ U}]. 

We put 

Z = Spec(T) \\/(J). 

Then we have 

■ Spec (T[(/fctr ■ ■ -C)'']) U <! U Spec (T[(^?„/,t^" ■ ■ - t^ 



6su\— ll 
S 



(3.6) Z=\J 

k=l 

Here, we have 

(3.7) T[(/,C---C)-i] = H\D4f,),Ox)[idkih)^\...,idksts)^' 

\ ~^ 

= CkllHid.jt,) 

On the other hand, 

= T[(^7„M----t^")^^](„„...,„.) 

n„>0 

= ^[(/.C---C)~S(^?«^t?^"---'^^")-'](n„...,n. 

{n)GZ'' 
nu>0 

= Cfc[{(4,t,)-' I J 7^ m}, ((7„/fct^" ■ ■ -t^")-^]. 
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Let f3ku be an element in H^{D^{fk), Ox) such that 



for A; = 1, . . . , t and u ^ U. Then, 



(3.8) Ckimjtj)-' I J ^ n}, {g^hf^- ■ ■ ■^^)-^] = 



( 



-1 



kjtj) 



J 



By (13. 5p . (13. 6p . (13. 7p and (13. Sp . we know that Z is an open subscheme of Y. The 
ideal of Ck generated by 



]^(4iti) and < /3fc„]^(4jti) 



is the unit ideal or of height two. (If t/ = 0, then Z = Y hj the construction. If 
U = {u} and if P^u is a unit element, then this ideal is the unit. In other cases, 
this ideal is of height 2.) Therefore, the codimension of F \ Z in F is bigger than 
or equal to two. q.e.d. 

We can define the graded canonical module as in Definition 3.1 in |4j using the 
theory of the equivariant twisted inverse functor |3]. 

By Claim 1331 above and Remark 3.2 in [1], we have ut = H^{Y,uy)- On the 
other hand, we have 



UJy 



/\Qy/X'®7^*Ox'{Kx') 

i 



where (—1, . . . , —1) denotes the shift of degree (Theorem 28.11 in [3]) 
Then, we have 



H\Y, UJy) = H\X', 7r,7r*Ox'(5Z A' + • • • , -I))- 
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By the projection formula (Lemma 26.4 in [3]), 



new 



Ox'E(n. + 1)A' + ^xO (-1, . . . , -1) 

.new i I 

raeVK+(l,...,l) « 

Therefore, we have 

neVK+(l,...,l) i 

if°(X',0;,,(5^n,A' + ^x')) 

neiy+(l,...,l) i 
neH/+(l,...,l) i 

= Mk^, nti---t,A;(X)[ti,...,t„{t7^ 
We have completed the proof of Theorem 11.31 
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